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AN ELECTROMAGNETIC INVERSE PROBLEM
IN CHIRAL MEDIA

STEPHEN R. MCDOWALL

ABSTRACT. We consider the inverse boundary value problem for Maxwell’s
equations that takes into account the chirality of a body in R3. More pre-
cisely, we show that knowledge of a boundary map for the electromagnetic
fields determines the electromagnetic parameters, namely the conductivity,
electric permittivity, magnetic permeability and chirality, in the interior. We
rewrite Maxwell’s equations as a first order perturbation of the Laplacian and
construct exponentially growing solutions, and obtain the result in the spirit
of complex geometrical optics.

1. INTRODUCTION

In [12], Sylvester and Uhlmann proved that the conductivity of a body can be
uniquely identified from information obtained only from the boundary. If a time de-
pendence is introduced to the electromagnetic fields, the equations governing these
fields change from a single second order elliptic partial differential equation to the
full Maxwell’s equations. In [I1] Somersalo et al. presented a boundary map for
time-harmonic fields at a fixed frequency, and raised the question of whether the
parameters describing the electromagnetic properties of the body could be deter-
mined from knowledge of this boundary map. They showed that these parameters
could be recovered approximately provided they differed only slightly from known
constants. In [7] this assumption was dropped, and it was shown that the pa-
rameters are recoverable provided they are known in a small neighborhood of the
boundary of the body.

In all these treatments, the constituent equations, which describe the depen-
dence of the electric displacement and the magnetic induction on the electric and
magnetic fields, do not take into account the chirality of the body. Instead, they
depend only on the conductivity, electric permittivity and magnetic permeability
of the body. Chirality is an asymmetry in the molecular structure; a molecule is
chiral if it cannot be superimposed onto its mirror image. Presence of chirality
results in the rotation of electromagnetic fields and is observable, particularly in
the microwave range. Such experimental observations are used in physical chem-
istry to characterize molecular structures. For a detailed treatment of chirality and
time-harmonic electromagnetic fields, see [2].
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In this work we treat the case of a chiral body, and so the constituent equations
depend on a fourth parameter § which describes this chirality. In [§] Ola and Som-
ersalo simplified the proof of interior identifiability in [7] by constructing a second
order system of differential equations, which has as its principal part the Laplacian,
in such a way that solutions to this system yields solutions to Maxwell’s equations.
They were able to construct a system with no first order part, that is a Schrédinger
equation, and then use the results of [12] to construct exponentially growing so-
lutions. Here we follow this idea and show that in the chiral case we are able to
construct a system with the Laplacian as its principal part which again yields so-
lutions to Maxwell’s equations, but which has a first order term. Nakamura and
Uhlmann [5] have developed a technique to handle such first order perturbations of
the Laplacian, and it is this technique we employ here to construct exponentially
growing solutions. The ability to construct these solutions enables us to use com-
plex geometrical optics to prove identifiability of three of the material parameters
throughout the body assuming knowledge of the fourth; in particular, assuming
that the magnetic permeability is known, the chirality is determined uniquely by
the boundary information.

In section 2l we state the problem precisely, present the main theorem (theorem
22), and briefly outline the proof, which comprises the later sections. Section Blsets
up the second order system; in section [ we construct the exponentially growing
solutions. The proof of our result is brought together in section Bl Sections Bl and
[ are appendices including some more technical proofs.

2. STATEMENT OF THE RESULT

Let © be a bounded connected subset of R? with connected complement and with
smooth boundary 92. We restrict our interest to time-harmonic electromagnetic
fields on €2, at fixed frequency w, i.e. if £ and H are the electric and magnetic
fields respectively then

E = e“'E(z), H = ™ H(z).
For such time-harmonic fields, Maxwell’s equations are
(2.1) VAE =iwB, VANH = —iwD.

Using the Born-Fedorov formulation for a chiral body, (see [2]), the magnetic in-
duction B and the electric displacement D are related to E and H through the
constituent equations

B = j(H + 3V AH), D=E&E+p3VAE).

Here € = 0 4 (i/w)~y, where o is the electric permittivity and + is the conductivity,
and [i is the magnetic permeability of the body. The chirality of the body is
described by B The parameters o, v, 1 and 3 are real-valued, and we assume here
that €, n and B are smooth and are constant outside a compact set. We assume

(22) UZUO>O7 7207 /12/7/0>0

for constants oy and fig. We shall be using an equivalent formulation but with

6_ g B fi _ —iwEp
1—w2af?’ =z w2Enf?’ 1—w2Eaf?
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We are assuming that 1 — wzéﬁBQ # 0; this means we assume that the electric and
magnetic fields never become parallel. Given the bounds (Z2), there is wg > 0 such
that this assumption is satisfied for w € (—wg,wp); if w € (0,wp), then e and p are
bounded away from zero, like € and . With this change of parameters, we have
the constituent equations

(2.3) B =uH - E, D =¢E + S3H.

We are assuming further that there are no magnetic poles or electric sinks or
sources in §2; that is to say, we assume the induction and displacement to be
divergence free:

(24) V-B=V-(uH - BE) =0, V-D=V.(cE+ BH) =0.

We remark that 1 — w232 # 0 is equivalent to ey + 32 # 0.

If F is a function space, we denote by F* the space of k-vectors whose compo-
nents are in F, and by F*** the space of k x k matrices whose components are in
F. We shall need the following function spaces: H*(Q2)* consists of k-dimensional
vector fields whose components are in the usual L?-based Sobolev space H*. Let
Div denote the surface divergence on the boundary of Q, let v(z) be the outward
unit normal vector at x € 952, and define the following space of tangential fields:

THE,(00) = {F € H}(09)* | v- F =0, and DivF € H* (99}

Theorem 2.1. Let F € THéiV@Q). There is a discrete set D containing no
limit points in (0,wp) such that for all w € (0,wo)\D there exist unique (E, H) €
D'(Q)3 x D'()3 solving the following boundary value problem:
VAE =iw(pH — BE),
(2.5) VANH = —iw(eE + H),
VAE|yq =F.
We leave the proof of this to an appendix. We may thus define the boundary
1 1 1
admittance map 11 : THE, (02) — THS,,(09) as follows. Given F' € THS, (09),
let (E, H) solve (2.5) and define
IIF = H(l/ N E|dQ) =V A H|ag.

The problem considered herein can now be stated.
If it is assumed a priori that u1 = pe = p (not necessarily constant) in €, then
we have the following:

Theorem 2.2. Let (;e1,u,01) and (€2, 1, B2) be two electromagnetic bodies
with the same smooth boundary 0. Suppose that 11y = Ilg; that is, if F €

THéiV(Z?Q) and (E;, H;) solve (2.3) with parameters (g5, i, 8;) for j = 1,2, then
HlF =VA H1|{)Q = l//\H2|3Q = HQF

If &1 = g9 and By = P2 on 0X), and the same is true of all normal derivatives at
091, then

(e1, 1, P1) = (€2, 11, B2)
throughout €.
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Remarks. (1) We can, in fact, show that if any of the three parameters are known a
priori to agree in the body, then equality of the boundary maps implies agreement
of the other parameters throughout the body.

(2) It was shown in [4] that IT determines the material parameters and their
first normal derivatives at the boundary. It is expected that the technique of [4]
would show that IT also determines all the higher order derivatives at the boundary;
however, the computations become unmanageable.

(3) The assumption that the parameters agree to all order at the boundary is
necessary only in the construction of the intertwining operators (see section [J).
These operators belong to the Shubin class, which requires smooth symbols. In [13]
Tolmasky showed that such intertwining operators may be constructed for equations
with non-smooth parameters. This technique should remove the necessity of the
assumption at the boundary, and also should lower the regularity assumptions on
the parameters throughout 2.

(4) In the case that §; = B2 = 0, the result of [7] follows without any assumption
on ¢ or p at dQ. The reason for this is that exponentially growing solutions are
constructed without the need for intertwining operators, and so the parameters
may be extended outside 2 in a non-smooth way.

We shall not impose the condition that p; = pso until necessary at the end of
the proof. Under the assumption of the theorem we may extend the parameters
smoothly to all of R? so that e; = €2, tt1 = pz and 81 = B, outside 2, and so that
€5 = €0, Mj = po, B =0, j = 1,2, outside a compact set containing 2. Here,
€o and pg are constants. Fundamental to the proof of theorem [22] is the following
identity.

Proposition 2.3. Let (Ej, H;) solve (21) for parameters (e, pj,05;), 7 = 1,2. If
II; = Ils, then

(2.6)
/Q((ﬁl — B2)(Hy - Ex 4+ Hy - Ey) 4 (61 — €2)Ey - Eo + (p2 — p1)Hy - Ha) =0

Proof. Integrating by parts, and using the definition of II, we get

/iw(€1E1 +61H1)-E2 = —/V/\Hl-EQ
Q Q

—/ V/\Hl'EQ_/Hl'V/\EQ
[5}9) Q

—/ ILE, - By — / Hy -iw(uoHy — B2E2)
a0 Q

and similarly

/ iw(eaBy + BoHo) - E1 = —/ II,Es - By — / H; -iw(p Hy — B Ev).
Q 0 Q
Thus

iw/ ((ﬁl — 0B2)(Hy - Eo+ Hy - Eq) + (61 —e2)Er - Eo + (p2 — p1)Hy - HQ)
Q

= / (IlyEs - By — I, Ey - Es).
o0
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The proposition follows if we show that

/ IxE, - E7 = / Ey - 1L E;.
o0 o0

Let (Ey, Hp) be the solution to (ZH) with parameters (eg, pt2, 2) and with F' =
v A Eq)sq. Then

/ (HQEQ-El—EQ-HQEl):/ (V/\HQ-El—EQ-V/\H())
[5}9] [5}9]

:/ (—Hg-l//\Eo—EQ-V/\HQ)

o0

:/(V/\HQ'EO_HQ'V/\EO—EQ'V/\HO+V/\E2'HO)
Q

= / (—iw(e2E2 + BoHs) - Eg — Hy - iw(paHo — B2Eo)
Q

+ By -iw(e2Eo + foHo) + iw(uzHa — B2E2) - Ho)
=0.
O

The remainder of the paper is devoted to constructing sufficiently many suitable
solutions to Maxwell’s equations to conclude from (2:6) the claim of theorem 2:2]
We present now an outline of the proof.

The aim is to use complex geometrical optics in the manner of [12] and many
subsequent papers; that is, we wish to construct exponentially growing solutions
depending on a complex parameter p and to examine the asymptotics as the size
of p gets large. Rather than construct solutions to (1) directly, we follow the idea
of Ola and Somersalo in [§] and introduce a new 8 x 8 system

(P(V)+V)(P(V)+ VY =(A+N+Q)Y =0,

where P(V) and N are first order differential operators, and V', V'’ and @ are matrix
multipliers. We shall do this in such a way that if Y is a solution to this system,
and

X = (P(V)+ V)Y

is such that the first and last components of X are zero, then the vector fields
(X2, X3, X4)', (X5, X6, X7)") will solve Maxwell’s equations.

We then construct exponentially growing solutions to (A + N +Q)Y, = 0 of the
form

Y, =e"(yo,p + vp)

with p € C? satisfying p - p = w?eopo, with yo,, an 8-vector which is constant
in  and chosen to depend on p in a convenient way, and v, constructed so that
1, — 0 in some sense as |p| — oco. In [§], where chirality was not taken into account
(8 =0), the above system included no first order term N, and so the authors were
able to use the methods of [I2] to construct exponentially growing solutions to a
Schrédinger equation. When § # 0, such a reduction does not seem possible, and so
here we must construct solutions to a first order perturbation of the Laplacian. The
techniques employed are those of [5], where Nakamura and Uhlmann constructed
solutions to a system of a similar form arising from elasticity.
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The final ingredient is to set X, = (P(V) 4+ V")e*?(yo,, + ¥,) and to show that
we can choose 7, , in such a way that X, yields solutions to Maxwell’s equations,
and to use these solutions in (Z8) to prove the claim of theorem

3. A REFORMULATION OF MAXWELL'S EQUATIONS

In this section we introduce a new system of differential equations, the solutions
of which, under certain restrictions, yield solutions to Maxwell’s equations. We first
introduce the following 8 x 8 operator:

0 V. 0 0
v 0 VA 0
PVI=1y -VA 0V
0 0 V- 0
The domain of P(V) is D'(R3) x D'(R3)3 x D'(R3)3 x D'(R?). We point out that
P(V)P(V) = A.

Our aim is to find 8 x 8 matrices V and V' and write
(P(V)+V)(P(V)+V)=A+N+Q
with N a first order differential operator, and @ a zero order matrix multiplier.
Then if Y solves
(3.1) (A+N+Q)Y =0
and we put
X =(P(V)+ VY,

we would like (B]) to imply that in some sense X solves Maxwell’s equations. The
advantage of this reformulation is that we are in the position of seeking solutions
to (Bl), for which a method is known.

We introduce some notation: for X € D'(R3) x D'(R?)3 x D'(R3)? x D'(R?) we
shall write

X = (a, A, B,b).

In order to have X a solution to Maxwell’s equations, we will find Y in such a way
that a = b = 0; for the moment assume that this is the case. We must choose V'
so that (3I)) implies (2:I]) and (2:4); in particular, the central 6 rows of (3:I)) must
imply (2]) and the first and last rows must imply (24). Let
_ Vag  Vas . els ﬂf3
Vm_|:‘/32 Vas and L =iw Bl uly |

where Vj;, are the 3 x 3 blocks in the center of V and I3 is the 3 x 3 identity matrix.
If in fact (A, B) are taken to be (E, H) (that is, we don’t rescale the fields in any
way), then (B is equivalent to

VAH E
= e )= ()

and so, taking V,,, = L, we obtain (2I). Now set

| =BIs pl3 | VB V- | T2 U3
M_[ ely Bl |’ VM- =1 g, v |’ Vo = Tyo Uaz |’
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where ¥ is the 3-vector (vi2,v13,v14), V13 = (V15,V16,017), Us2 = (Vs2,Vs3,Vs4),
and v43 = (vss,vse, vg7) in V. Notice that under the condition that eu + 5% # 0,
M is invertible. Conditions (Z4) are equivalent to

V-E E\ _ V-E\ .. E
M(V.H>+VM-(H>_O, or (V'H>_—M VM-<H>,

and (P(V) + V)X = 0 implies
V.-E E
(v )ewlin )=
so putting

_v-lony . o L (uVe +pBVB) - (WVB —BVh) -
Vo=M"VM gwm[(ﬁw—avm- (eVu+BVE)- }

we have (Z4)). At this point, assuming the first and last components a and b of
X are zero, we have determined the central 6 columns of V; so (B.) implies that
the fields (A, B) satisfy (2.I). We now remove the assumption that a = b = 0 and
choose the rest of V' and all of V’ in such a way that the equation

(P(V)+V)(P(V)+V')=A+N+Q

has as simple a first order term N as possible. This term is determined by P(V)V'+
V P(V); analyzing this row by row and making choices to eliminate first order terms,
we find that we may choose

iwp V12 U1z iwp —iwe 0 0 —iwf
V= 0 iwe dwB 0 V' — 0 —iwp  —iwf 0
0 —iwl dwp 0 ’ 0 iwh  —iwe 0

—iwB U Ug3  Iwe wi 0 0 —iwi

and obtain the first order term
U192V  —t13- VA  ¥19-VA 13-V
0 0 0 0
0 0 0 0
Ugo -V —Us3- VA Uy VA U3V

N =

We remark that N has compact support since its components consist of derivatives
of the parameters, which are constant outside of a compact set. The zero order
term ) can be calculated easily, but as it will not be needed here we shall not
present it explicitly. We shall use the fact that Q — w?eouol has compact support.

Remark. A natural question to ask is, by rescaling the fields (F, H) can a system
be found that has no first order term, in which case we would have a Schrédinger
equation? Such a system was achieved in [§] for a non-chiral body by rescaling the
fields. For a chiral body, however, the answer to this appears to be no; suppose
that we write (4, B) = R(E, H) for some invertible matrix R of the form

n— ridy  ri2l3
roids  ro2l3 |’

and we set

= | Va2 =V =~ | =BI3 ol
Vm—[ Vao Vis ] and L—zw{_éj3 B |
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Then we find that to satisfy (ZII) we must set

Ve = —VRAR '—RLR',
Vo, = —-VR-R'+RM'VM-R!

(the notation should be interpreted in the way that makes sense), and this results
in a first order term whose non-zero components are given by the components of

—2VR-R '+ RM-'VM- R,

we conjecture that there is no choice of matrix R which makes this zero. In [§] the

rescaling matrix is
R [ e2 Ol }
0 p2

and an easy calculation shows that the first order term vanishes when § = 0.
An interesting observation is that no matter what choice of R is made, the sys-
tem obtained by following this construction always leads to solutions to Maxwell’s
equations. The proof of this is more involved than what is presented here, but the
same program carries through.

4. CONSTRUCTION OF SOLUTIONS - INTERTWINING OPERATORS

Recall that we wish to construct solutions to (A + N + Q)Y = 0 with ¥ of the
form Y = e®?(yo,, + 1,). For p € C? with p- p = w?eouo we define the operators

A,=e"PA(”P.) and NP =e*"(N+Q - w?eopo) (e ),
and so we wish to solve
(4.1) (A + N (yo,p + ) = 0.

We specify v, later by prescribing its asymptotic behavior. Generally speaking,
our approach is to construct pseudodifferential operators A,, B, and C, of order
zero and depending on the parameter p so that

(Ap + N:)AP(YJOW +1p) = Bp(Ap + Cp) (0,0 + ¥p)-

For sufficiently large p, A, is invertible, and we shall always take our operators to
be properly supported, so that there is no problem defining compositions. This
reduction to a zero order perturbation of the Laplacian enables us to use the ex-
tensive literature on constructing exponentially growing solutions. Such solutions
have been used extensively in identifiability results, starting with the conductivity
result of [12].

We introduce the class these “intertwining operators” belong to. Let Z =
{peC?®||p| =1, p- p=w?eouo}, and denote by L°(R® Z) the Shubin class of
order zero (see [10], section 9). We refer the reader to [5] for a discussion of the
Shubin class of operators, and repeat some important properties here. Most im-
portantly we define the symbol class of L°(R3, 7).

Definition 4.1. Let p € Z; then a,(z,£) € S°(R3, Z) if and only if

1. a, € C®(R3 x R3) for each fixed p € Z, and
2. for any multi-indices «, § and compact set K C R3, there exists a constant
Ca,s5,x > 0 such that
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sup [0 02, (. )| < Casrc(1+ 18] + o) 71
TE

for any £ € R3, p e Z.

We say that a, is the full symbol of A, in the same way as for usual pseudo-
differential operators. We say A, € L°(R3, Z) is properly supported if there exists
a closed set H C R® x R? such that the support of the Schwartz kernel of A, is
contained in H for all p € Z and the projection of H onto each factor R3 is proper.
We note that if A, € L°(R3,Z) is properly supported, then we may expand the
symbol o(A,)(z, ) of A, asymptotically as

~ 1
O-(AP)(xv g) ~ Z aagD;aP(ma Y, §)|y:$
«
Proposition 4.2. Let ¢ € C°(R3) be such that ¢ is identically one on Q. Then
there exist operators A,, B, and C, in L°(R3, Z)8*® such that
(4.2) (Ap + N:)Ap = By(Ap +¢Crp)
We leave the proof of this to a later section. Let
LE = {7 € L) 11 = [+ 1aPYp(e)de < o),

and for s € R let Hj be the associated weighted Sobolev space. Assuming ([E.2),
we have the following proposition:

Proposition 4.3. Let —1 < § < 0, and let yo,, be an S-vector constant in x and
bounded in p. Then for sufficiently large |p| there exist a ¢, € HZ(R3)® and a
constant C, depending only on §, ¢ and C,, such that

(A + ©Co0)(yo,0 +1p) =0

and

C
4.3 P 2 < —.

Proof. We have A, = —oC,pyo., — ¢Copibp; by [10], C, : H*(R?)® — HZ(R3)®
continuously with operator norm independent of p, and since ¢ is compactly sup-
ported, ¢Cpoyo,, € HF, (R?)®. Let ro > 0; by [12], if [p| > ro > 0, we may
solve

A = —9Copyo,p
for w;()()) € HZ(R?)8, and, from the estimates for A;l in [12],

C(TOaé)
65 2 < T||50Cp50y0,p||H§+l~

In general, for any 7, gongowl()j_l) € H§+1(R3)8, and so for |p| > rg we solve

D) = —pCoppd =Y
with

1994z < EL020) (C'(% C,
2 <

)Y .
|p| |p| ||SOCpSOyO,P||H§+17
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choosing |p| large enough and putting ¢, = Z;io ,()j), we have ¢, € HZ(R?)® for
sufficiently large |p|, and

[¥ollmz <

Furthermore, (A, + ©C,r¢)(yo,p + ¥,) = 0. -

1%
I’

Thus we have a means to construct solutions to ([I). We have
(A, + N:)Ap(yO,p + 1) =0,
and introducing a cut-off to gain compact support, we put
(4.4) Yy, =e""pAs(yo.0 + ¥p);

then in ) we have (A + N + Q)Y, = 0. In order to construct solutions Y, so that
X, = (P(V)+V")Y, are solutions to Maxwell’s equations, we must ensure that the
first and last components of X, namely (a,b), are zero. We introduce the notation
P(p) to be the 8 x 8 matrix where p replaces V in P(V).

Proposition 4.4. If yo,, is chosen so that the first and last components of
P(p)Apyo,, are zero, then the first and last components (a,b)’ of X, =
(P(V) +V")Y, are zero.
Proof. Since (P(V) + V)X, = 0, computing
—iwe V- 0 —iwp
wp 0 V- —iwp

a ep — 32 2ef a\
25+ (M we) (5) -0

X, = (P(V)+ V)Y, = (P(V)+V)e" 0Au(yo,p + 1)
= e”"’{P(p)gaApyO,p + P(p)pApp + P(V)pAy(Yo,p + ¥p)
+V'0 A (Yo, + 1)) }
= e‘”"’{P(p)gaAprp + XS}7 say.

) (P(V) + V)X, =0,

we obtain

Now

Writing
a\ _ up ao as
(5)={(0) (5 )}
we have
(A + w?eopo + q) (Z) =0,
with

o (ep =3 2e8 > 2
= w —w' e
q < _2M6 €M_62 oMo

having compact support. Thus we have

8, () +a3) = =a (30).
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Now X, € L? (R?)® and has compact support, so in particular (as, bs)" € LZ(R?)2.

By [12], (as, bs)' is the unique solution in LZ(R?)?2, and since (ao, by)’ = (0,0)’, the
proposition follows. O

We will show later, in the proof of proposition F2, that the symbol a,(x, &) of
A, is of the form

aiy a2 - a7 a1g |
0 0
IG ?
0 0
L ag1 agz -+ agy ass |

where I is the 6 x 6 identity matrix, and that a,(z,§) is homogeneous of degree
zero in € and p. Thus

P (y2,v3,Y4)
ay. - A (Ys, Y6, Y7)
P(o)VoA v — o | (@1 Yop)p+p
(P)oAoyop = ¢ (@s. - Yo,0)p — PN (Y2,Y3,Ya)

p- (y5a y67y7)

Y

where y; are the components of yg , and @;. and dg. are the first and last rows of
a,. To satisfy the conditions of proposition [£4] we must therefore choose o, , so

that p - (y2,y3,y4) = p - (5, v6,y7) = 0.
5. PROOF OF THEOREM
We first investigate the asymptotics in p of A,.
Proposition 5.1. If f € L?(Q)8, then, for all x € Q,
A f(z) = ap(z,0)f(z) + R, f ()

modulo smoothing, and

C
R < -
|Rpfllz2c0) < T+

for a constant C' > 0 independent of p and f. Recall that a,(x,&) is the symbol of
A,.

Il fllz2c0)

Proof. Let x € C2°(R?) be such that y(z) =1 on {|z| < 1}, x(z) = 0 on {|z| > 2},
and let o(y) € C°(R?) be such that

o(ly)=1on{y |3z e Q with x(z —y) #0}.
For = € Q,

A () = / @€ (@ — y)ap (. €) (y)dy de
+ / @1 ) (@ - y)ay (e, €) f(y)dy dE

/ e (@ — y)ay(x, &) (a f)(y)dy dE + g (),
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where g1 € C(R?)8, since the second integral is smoothing. Here we have used

o =1, where x(z —y) # 0. Expanding y in a Taylor series about y = x, we have,
modulo smoothing,

Af@) = [ (w6 ) )y de
= [eSamo@n @

where G denotes the Fourier transform of g. We now expand a,(z,£) in a Taylor
series about £ = 0 to obtain

4@ = [ et 0@h)
+f ”fz@ / (8, a,)(z, 1€)dt (0 1) (€)de

a0 )+ B o))

modulo smoothing. Let U(Rp ) denote the symbol of R( ); on the one hand, since
a, € SO(R?, Z)8%8 we have

C
RM)| = Z’fﬂ/ (D¢, a,) (x, t€)dt Iél|

for some constant C' > 0; but on the other hand, since 6(R21)) = ap(z,&) —ay(z,0),
it is homogeneous of degree 0 in £ and p, and so

C
5(RMWY| < )
FF) <
Therefore,
_C _C
RV 2(
We have denoted R,(f) = Rgl (of). O

We will need to know the asymptotics of derivatives of X,, and so will use the
following corollaries.

Corollary 5.2. If f € H%(Q)8, then there exists a constant C > 0, independent of
f and p, such that

P(V)A,f(z) = (P(V)ay(2,0)f(2) + ap(x,0)(P(V)f) ()
+R,(P(V)f)(2) + R, f ()

modulo smoothing, and with

R|2Q,2Q+R/|2Q’2QS .
1Bllez@).r2@ + 1 Rllox@ .20 < 3775

Here || - || 12(q),22(q) denotes the operator norm.
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Corollary 5.3. If X, = (P(V)+V")Y, and Y, is as in ([{.4), then in Q,

X, =e""{P(p)ay(x,0)y0,, + P(p)Rpyo,p + P(p)ay(x,0)1,
+(P(V)ap(x,0))yo,p + V'ay(x,0)y0,, + Wy}
and there is a constant C > 0 such that
C
Il
Let Fy and F» be the projections so that F1X = E = (X2, X35, X4) and Fo X =
H = (X;5,X6,X7). We compute the terms of order |p| and [p|° in X,. Since
a,(z,0) = a (z,0) + O(|p| 1), we may write
P(p)ay(x,0)yo.o+P(p) Rpyo,e+ P(p)ap(x,0)1,+(P(V)ay(x,0))yo,, + V' ap(@,0)yo,,
= P(p)ago) (z,0)yo,, + P(p) (w1, Wa, W3, ws)" + P(p)(u1, s, U3, us)’
T P(0)a® (2, 0) (b, o, B i) + (P(V)a® (. 0) )
+V'al) (,0)y0,0 + O(lp| ),

Wollz2o) <

where all of wj, uj, 1; are O(|p|™!). Computing the F; and F, projections of this,
we find that the fields are of the form

(5:1) B = (@ yo,)p+ p Ayser + (wi +ur + (@ - 1,))p

+p A (W3 + U3 + 7;3) + V. - yo,p — twpy2zs — iwBYser + O(|P|71)}
and
(5.2) H=¢€"" [(d’g. “Yo,0)Pp — p A y23a + (wa + ug + (Gs. - ¥p))p

—p A (W + iy + U2) + Vs, - Yo, + iwByasa — iweyser + 0(|P|_1)] :

We have used ya34a = (y2,¥3,91)" and yser = (y5,¥6,y7)’. We now make some
choices for p;. Fix k € R3, and for s € R, s > 0, let , £ € R3 be such that

<77a k> = <777§> = <k7§> =0,

o |K? 2 2
[n|* = e + s° 4+ weg o,
€)? = 1.
Set
1k
p1 =n+l(§ +8§)7
(k
p2 = —77+Z(§ —86),
so that
(53) p1+ p2 = ik,
Pj - Pj = w2€0M07 j=12.
Define 7; = lim,_, p;/s and observe that 7 = —75. The parameter s controls the

growth of |p|; that is, |p| — co as s — oo.
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We must compute the highest order terms in the dot products of the fields to use
in the identity (Z). Each field is of order one, and so we might expect order two
terms in the products; this fails to be the case for the following reason. If yg ,, and
Yo,p, are chosen to satisfy the condition of proposition[@d and y1 = (Yo, )234, Y2 =
(Y0,p; )234 for example, then y; - p; = 0 and we find that

pL-p2 = (|P| )s
p1 - (y2 A\ p2) O(lpl%),

(p1 A1) - (p2 Ay2) (p1 - p2)(y1 - y2) — (p1 - y2)(p2 - v1)
(p1 - p2)(y1 - y2) — ((ik — p2) - y2)((ik — p1) - y1)

(Ipl )-

Thus the terms which appear to be of order two are in fact of order zero.

We must therefore compute the order one terms in the products of the fields. We
shall choose yqo,,, of the form yo ,, = (1, 0,0, d2)" with 6; € {0,1}. This simplifies
the expressions (5.1)) and (52)) for E and H. Choose first yo », = 0,5, = (1,0,0,0)".
Then

Jim, %El Hy = e"ayymi - Vag, +a§ime - Vay ),
Slirgo éEg “Hy = e™*a2 7 -Val, +ay; - Vaiy),
S, éEl By = e™ajym - Vai, +afim - Vayy),
Jim §H1 “Hy = e"Flafim Va3, + a3 m - Vag,],

where a” is the 4j component of ag?) (x,0). Now 71 = —73 and, by (CZ) from the

proof of proposition 42,
Ty - Vagg) (x,0) = —nmaff;) (z,0),
where n., = lims_,o, n,,/2s. Thus

O(x,0));; and 72 Vaj; = (nr,al? (2,0));;.

2
71 - Vag; = (nn,a,,

If o, v . denotes the ij component of Vg for parameters g;, p;, £ (see section[3), and
T = 7'1 —T7o, then

§—00 §

1
lim — ((51 —B2)(Hy - Ea+ Ho - E1) + (61 —e2)Er - Eo + (u2 — p1)Hy - HQ)dJ?
Q

k 1 1 12 2 2
= / w {(Br = B2) a3, (a1, Ty + agy Us) — aiy (a], 05 + ad, U73)
R3

+ afy (a1, Uiy + ag,Uss) — ag, (aT,0f + ad U3)] - 7
+ (61 — €2)[a}, (a1, Ty + ag Us) — aiy (af, 05 + agy Uf)] - 7
+ (2 — p)[ag, (a1, Ty + ag, Uss) — ag, (aT, T + ad, Uis)] - 7}dx = 0.

The integration extends to all of R® since the parameters have been extended to
agree outside €. This identity holds for any k € R?, and so the Fourier transform of
the integrand, and hence the integrand itself, is zero. Repeating these calculations
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for the choices

Yo,p1 = (1 6 6 0)7 Y0,p2 (Oa 6) 6) 1)7
Yo,p1 = (0 6 6 1)7 Yo,p2 = (1a6a 6; 0)7
Yo,p1 = (0 6 6 1)7 Y0,p2 (0,6, 6; 1)

and rearranging, we obtain the identity

1 1 1 =2 =21 =22
agy a7 Uga — V11 Uiz — VUig
(1 1>{<~1 52 i ~2)'T(51—52)

agg Ajg 11 — V22

U,

0

N T (€1 — €2
( ”11 _U122> ( )

~1 =2 2
<—U12 Chp) 2“22) 7 (o — Ml)} <a11 a%8> -0
0 U3 Cl81 ass

The two matrices involving the aU are invertible by construction, and may be
removed from the identity. If any one of the pairs of parameters is equal, then this
system implies that the other two are equal throughout 2. We illustrate this in the
practically most applicable case, when p; = ps. Assume now that py = pe =
we obtain the following four equations. Let D; = ¢;u + 6?, and for simplicity of
exposition, let us use V. for V- 7. Then

(54) (Dl (‘LLVTEQ + 62vrﬂ2) - D2(€1V‘rﬂ + 61v‘rﬁl))( )
— Do(uV:p1 — B1Vrp)(e1 —e2) =0,
(5.5) (D1(uVr B2 = B2Vrp) — Da(uVr 81 — B1Vrp)) (81 — B2) = 0,

(5.6) (D1(B2Vrea — €2V f2) — Da(51Vrer — €1V 51)) (81 — B2)
+(D1(uVrea + B2V f2) — Do(uVrer + 51V 51)) (€1 — €2) = 0,
(5.7) (D1(e2Vrp + 52V B2) — Da(uNVrer + 51V 51)) (81 — B2)
+ D1 (uVr B2 — f2Vrp)(e1 —e2) =0.
Lemma 5.4. For all x € R, V, log(D1/D2) = 0.

Proof. Case I. Assume that f1(z) — B2(z) = 0 (we shall suppress the explicit
evaluation at ). If also 1 — €2 = 0 then we are done; otherwise, (5.4)) and (5.7)
imply pV.08 = BV, u. Now since V,D; = ¢;V,pu + uVre; + 26;V, 05, (0) gives

DI(VTD2 - 52v‘rﬂ - 6V‘rﬂ) - D2(VTD1 - €1V7—,LL - 6V‘rﬂ) = 0;
and expanding the D; and D5 in this we obtain

D\V.Dy — D3V, Dy = (g1 —2)B(BVrp — 1V, 5)
0.

Thus V, log(D1/Ds) = D1V, Dy — DyV, Dy = 0.
Case II. If 1 — B2 # 0, then (G4)+ E1) gives

(D1V:Dy — D3N Dy)(f1 — B2)
= (D2(uVrf1 = p1Vep) — Di(pVrf2 — B2Vrp))(e1 —2) =0

by (@3). Thus again V; log(D1/D2) = D1V,.Dy — D3V, Dy = 0. O
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Finally, we must show that lemma B4 finishes the proof of theorem [Z2 Since
V,log(D1/D3) = 0in R3, Dy /Dy is constant, and hence D; = Dy since this is true
outside Q. Now (BA)+ (1) together with Dy = Dy implies

(5.8) (UV-B1 = BiVepp — pVr B2 + BaVrp) (61 — £2) = 05
if Mvrﬁl - 61v‘rﬂ = ,u'v‘rﬂZ - ﬂQV‘rﬂa then
M2V‘F& = 2v‘r&7
ju I

and so (1 — B2)/p is constant. This constant is zero since 81 = [ outside €,
and hence 8 = B2 everywhere. Then (5.0) implies that uV,(e; —e2) = 0, and
so, similarly, e = €. On the other hand, if in (58) &1 = €2, then by (E.6)
eV, 01— 1Vre = eV, B2 — (2 V€ and, in the same manner as above, (8; — 82) /¢ is
constant and again 81 = (5.

6. APPENDIX A

Proof of Theorem [2.]l1 We define the function spaces

H(VA) = {EcL?Q)?®|VAEe€L*02)?},
IO{(V/\) = {EGH(V/\) | /V/\E~F—/E-V/\FforallFeH(V/\)}.
Q Q
We shall use the equivalent Born-Fedorov formulation
VAE = iwiH +iwiaBV AH,
VAH = —iwéE —iwéBVAE,

which, following the presentation of [T1], we may write as

(L—w—B)< 5)—0,

where
_ 7ZV/\ 0 . N 2 3 2 3
L = { 0 Z.v/\].D(L) L2(02)° x L*(Q2)°,
B - LN[{ —ﬂ]
w2 —11¢ 1

The domain of L is D(L) —H (VA) x H(VA); on D(L), L is self-adjoint. In order
to solve Maxwell’s equations with

1
v A E|aQ =Fe€ THSiV(aQ)
we write E = E — RF, where R is the right inverse of the tangential trace mapping
tro HYQ)? — THZ. (9Q),  tr: B v A Elog.

Then the boundary value problem may be written
E J
e )= (&)

357732 =
w €fLﬂ RF, _ we
w2Epp? —1 w2Epp? —1

where

J =1V ARF + RF.
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Lemma 6.1. The range of L, R(L), is closed, the mapping L~' : R(L) — R(L)N
D(L) exists, and L~ is continuous and compact.

This is proven in [3]. From this we have

L*(Q)® x L*(Q)® = Ker(L) ® R(L),
and there is a discrete set S C R containing no limit points such that (L —w)~!

exists and is compact for all w € C\S. The compactness follows from
(L-—w) ' =L " +wL (L —w)™*

and the compactness of L™!. For w ¢ S, we want to solve

t-w-orm) (5 )=w-a (1)

Recall that w2132 =1 # 0 for w e A= C\{w | w € R, |w| > wo}; so on A\S, B is
analytic and (L —w) ! exists; at w = 0 we have B = 0, so by the analytic Fredholm

theorem (for example [9]), (I — (L — u})_lB)_1 exists for all w € A\(SUS’) for
some discrete set S’ containing no limit points in A\S. The theorem follows with
D=SUS. O

7. APPENDIX B

Proof of Proposition[{.4. Let S, = Char(A,) = {£ € R? | —[£|2+2ip-& —w2eouo =
0}. In a neighborhood of S,, we will construct A, = B,, and so in such a neigh-
borhood, [2) is equivalent to

(7.1) Ay, Ayl + NerAp — A,pChp = 0.
We define A, by defining its symbol a,(z, &) € S(R3 x R3 x Z)¥*® an 8 x 8 matrix.
Write

p=n+ik, with 7,k € R3.

Computing terms of homogeneity of order 1 in ¢ and p in ([Z1]), we have
1
(7.2) (L1 +iLlg)a, ©) 4 3 |np (0) =0,

(©

where a, ) is the principal symbol of A,,

1S 9 1S
le_ N5 > :_ k +£ .
ol =", o 2 6

and n, is the principal symbol of N;r. Observe that so long as L; and Lo are
linearly independent, there is a change of variables mapping L; + iLo to O where

Gol(0 ., 9,
72 81‘1 81‘2 ’

in some of the proofs that follow we shall assume that L, + iLy = O to simplify
the exposition. It is easy to see that L; and Lo are linearly independent on and
hence near S,, which for fixed p = 1 + ik is the circle orthogonal to 7 of radius
|k| — w?eqpuo and center —k (we take |p| sufficiently large so that |k| — w?eoug > 0).
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We now describe a partition of unity of RZ’—space which depends smoothly on p,
and which divides the space into a tubular neighborhood of S, and the complement.
Let

) . 1
U, =3EeR | |68, < —=p|¢, U :{ ER’ | 1€ -S| < —= }
= {eer lie-si< b}, ul, = {ec® lg-s51< o

1 2
Uy, = {g ER|E—S,| > 3—ﬁ|p|}7 U, - {f ER|[e— S, > 3—ﬁ|p|}.

For |p| = 1 let {p1,,,P2,p} be a partition of unity subordinate to the open cover
{th,p,Us,,} of RY, depending smoothly on p, and such that

Y1, =1 on I/{ﬂp and P2, =0 on L{ﬂp.

Then {£ | ¢1,,(§) = 1 and p2 ,(£) = 0} is a tubular neighborhood of S, of radius
lol/ 3v/2. On this neighborhood, L; and L, are linearly independent. Now extend
@j.p to all of Rg X Z to be homogeneous of degree zero in (&, p) for |p| > 1 say, and
arbitrarily for |p| < 1; that is, define

2i(6) = 21, ()

R R Nl
SO

A§

5 § 5
m) = @iz (757) = 4.0(6)-

Proposition 7.1. Let —1 < 6 < 0. There is a unique aff))(x,g) € SUR3, Z)
solving (7.2) with aff” — I € L3(R3); furthermore, a(po) is invertible for large p.

Proof. We shall only need the solution on the support of ¢1,, where Ly and Ly are
linearly independent, and so we shall prove the result for 0:

= 1
(7.3) 8a§)0) + mnpa(po) =0.

Write aff” =d,+ 1, and cfp = 5dp; thus we must solve

1 =1\ » 1
(74) (I + —npa 1> dp = —mnp.
We shall need the following lemmas.

Lemma 7.2. If -1 <6 <0, then

1 a_
mn,ﬁ b L§+1(R§c) - L§+1(Rg)
is compact.
Proof. From [6], Theorem 2.1 (withn =3, p=9p' =2, p=4§, m=1, r=0), for
v € C§°(R?) we have

[vllzy < Cllowllz

541"

and since Hj} is the completion of C§° (R?) in this norm, the same estimate holds
for all v € H{(R?) such that dv € L3, ,. Thus

o ': L3, — H}
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continuously. Since n, is compactly supported (in z), we have

a—1 . .
L}, LN Hj} Lo, H'(supp(n,)) _fmel L*(supp(n,)) LN L3,
cts cts compact cts

Lemma 7.3. The equation

1 _ .
I+—n 81>d =0
( 2[p| * g

has only the trivial solution in L3 | (R3).

Proof. With d, = 5*1Jp, we show that d, = 0 is the unique solution in L§ to
= 1
od, + —n,d, = 0.
TR

Since supp(n,) C {z | |z| < R} for some R, d, is analytic for |z| > R. From
_ 1 1 ny(w)d,(w)

=5 dw A dw
27 Jiy<p 2 — W 2|pl

dp(2)

it follows easily that d,(z) decays to all orders at infinity; since d, is also analytic
in a neighborhood of infinity, it follows that d,(2) = 0 in a neighborhood of infinity.
Now by (Cor. 5.3.8, [14]) unique continuation implies d,(z) is identically zero. O
From the above lemmas and the Fredholm alternative, there is a unique d}, €
L3, soving (TA); or, if we write a(po) = +08'd,, then a(po) —1I € L3R3) and a(po)
solves (T3).
(0)

To prove that a, ’ is invertible we exploit the structure of n, (see section [3)):

vz (p+1i€) —Ti3A(p+if) V2 A(p+i&) viz- (p+i&)

. 0 0 0 0
b 0 0 0 0
Ty - (p+i€) —Tuz A(p+i&) T A(p+i€)  Uuz - (p+i&)

This implies that a(po) is of the form

| aE’?{l a,(o(,)iz """"" a(p?ig _
A 0
Is ’
0 0
aE;?E)Sl affgg .......... affg)gg ]

where Ig is the 6 x 6 identity matrix. It follows that

) aph Gy 50)
det(a,’) =det | () (o). | =det(a,”), say,
p,81  @p 88

and d(po) satisfies

= 1 n n
8&(0) + - p,11 p,18 &(0) — O7
P 20pl [ mps1 mpss | P
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~(0)

and so det(a, ') satisfies

(7.5) 9 det(al) +tr[ Zzi Zﬁ;i ]det(ag))) =0.

Furthermore, aE,O) € L2(R3) implies | det ago) — 1| — 0 as |z| — oo. By this and the
compact support of n,, (Z3) has a unique solution with det(&ﬁ,o)) —1€ L2(R) given
by det(dgo)) = e 7, where 1 = (1/2|p|)(np,11+7n,8s). Thus det a(po) = det aff” #0,
and aE,O) is invertible. The smoothness of ago) follows from differentiating equation
(C3) and from the fact that the change of coordinates transforming L; + iLy to 0
is smooth.

We define afjj ) for j < 0 iteratively to be homoegeneous of order j in &, and p
by considering terms of homogeneity j + 1 in (1), and write a, as an asymptotic
)
P

sum of the a;’. This completes the proof of proposition [7.1] O

Recall that we have been restricting ourselves to a neighborhood of S, where we
may consider L; + iLs to be J; now define a, on all of RS x Rg X Z, by taking
P1,p0p + P2,p1. Abusing notation, we shall call this a,. Since @; , are homogeneous
of degree 0 in £ and p, it follows that a, € SO(R3 x RZ’ X Zp).

To achieve ([AZ) we now define C, € L°(R3, Z) by

(7.6) AppCro =0, Ayl + N;'Ap
for large |p|, so that A, is invertible. Next we define B, € L°(R3, Z) by
(7.7) B, = @1,p4p + $2,0(Ap + N:)AP(AP + ‘PCp(P)_la

observing that A, + ¢C,¢ is invertible on supp@s,,, which is disjoint from S,. To
summarize, where ¢; , = 1, A, = B, and we have [2) via (Z1]); where @, , = 1,
([Z7) gives (E2), and in between,

Bo(Bp+¢Cop) = 1,045(8p +0Cpp) + P2,5(A) + N:)AP
= (‘;51,/1 + ‘»52,p)(Ap + Ner)Ap
by (Z6]). This completes the proof of proposition O
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